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Some graph theoretical characterizations of positive definite
symmetric quasi-Cartan matrices
M. Abarca · D. Rivera
Abstract We present some graphical characterizations of positive definite symmetric
quasi-Cartan matrices of Dynkin type An and Dn. Our proofs are constructive, purely
graph theoretical, and almost self-contained in the sense that they rely on the classical
inflations method only.
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1 Introduction
In this paper we consider the symmetric quasi-Cartan matrices. These are symmetric
matrices A∈Mn (Z) with all diagonal entries Ai i = 2. If a quasi-Cartan matrix is also
positive definite and all non-diagonal entries Ai j < 0 then it is a (symmetric) Cartan
matrix. Two symmetric quasi-Cartan matrices A and A′ are said to be Z-equivalent if
A′ = MT AM for some matrix M ∈Mn (Z) with M−1 ∈Mn (Z).
We adapt the graph terminology of [3]. Any symmetric quasi-Cartan matrix A
can be depicted as being an adjacency-like matrix of a graph G = (V (G) ,E (G))
with vertices V (G) = {1, . . . ,n}. For each pair of {i, j} ∈ (V (G)2
)
with Ai j 6= 0 add
edges e1, . . . ,e|Ai j| to E (G) with endpoints ψ (ek) = {i, j}, and a line style λ : E →
{solid,dotted} given by λ (ek) = dotted if Ai j > 0, and solid otherwise. Such
graph is called the bigraph of A and we will denote it as GA. Likewise, we write AG
for the quasi-Cartan matrix associated to the bigraph G. When restricted to symmet-
ric Cartan matrices, each connected component of a bigraph is one of the Dynkin
diagrams depicted in Figure 1.1 (for a reference, see [5, chap. II sec. 5]).
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Family Graph
An, n≥ 1 . . .
Dn, n≥ 4 . . .
En, 6≤ n≤ 8 . . .
Fig. 1.1 Dynkin diagrams. The parameter n denotes the number of vertices in the graph.
2 The inflations method on simple bigraphs
For any σ ∈ R and (s,r) ∈ {1, . . . ,n}2 let Mσsr = 1+σ es eTr , where (e1, . . . ,en) is the
canonical basis of Rn and 1 is the identity matrix of size n. In [4, sec. 6.2] it is shown
that if A is any positive definite symmetric quasi-Cartan matrix then:
1. Ai j ∈ {−1,0,1} for all i 6= j. Therefore GA must be a simple bigraph and any
edge e may be uniquely identified with its endpoints (i.e. e = ψ (e)).
2. A is Z-equivalent to a Cartan matrix. This property is proven using the inflations
method: start with A(0) = A, then set A(k+1) =
(
M−1sr
)T A(k) M−1sr whenever an
entry A(k)sr = 1 exists for each k = 1,2,3, . . . until no such entry exists. The last
A(ℓ) computed is guarantied to be a Cartan matrix.1 The matrix Dyn(A) = A(ℓ) is
unique up to isomorphism and may be called the Dynkin type of A (two matrices
A and A′ being isomorphic if A′ = PT AP for some permutation matrix P).
We transfer this terminology to bigraphs by saying that a bigraph G= GA has Dynkin
type ∆ = GB if A is Z-equivalent to the Cartan matrix B. Moreover, let Tsr GA =
GA′ where A′ =
(
M−Asrsr
)T AM−Asrsr . In the following we give characterizations of
graphs with Dynkin types An and Dn which proof is graphical, constructive and self-
contained. In doing so, we will make use of the following basic lemmas:
Lemma 2.1 The bigraph G has Dynkin type ∆ if and only if G = Tsℓ rℓ · · ·Ts2 r2 Ts1 r1 ∆
for some finite sequence (sk,rk)ℓk=1.
Proof Immediate by the inflations method. ⊓⊔
Lemma 2.2 Let G be a simple bigraph. Then Tsr G can be computed as follows:
1. If G does not contains the edge {s,r} do nothing (ignore steps 2 through 4).
2. Change the line style of the edge {s,r} to the opposite style (dotted and solid
being opposites).
3. If edge {s,r} is solid (resp. dotted) in G, then for each neighbor i of s add an
edge between vertices i and r with the same (resp. opposite) line style as the edge
{i,s}, and then cancel out pairs of parallel edges between i and s whenever they
have opposite line style.
4. All other edges of G remain the same.
1 This results are expressed in [4] in terms of the associated quadratic form q(x) = 12 xT Ax.
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Proof A direct computation of A′ = (Mσsr)T AMσsr where A is any square matrix
yields:
A′i j =


Ai j if i 6= r and j 6= r
Ar j +σ As j if i = r and j 6= r
Ai r +σ Ai s if i 6= r and j = r
Ar r +σ (Asr +Ar s)+σ2 Ass if i = r and j = r
If we let σ = −Asr, Asr = ±1, Ai j = A j i and Ai i = 2 for all i, j, then A′r r = 2 and
A′i j = A′j i, so that A′ is a symmetric quasi-Cartan matrix with properties: (1) if Asr = 0
then A′ = A; (2) A′sr =−Asr; (3) A′i r = Ai r∓Ai s for all i < r; and (4) A′i j = Ai j for all
i≤ j with j 6= r. ⊓⊔
3 The Dynkin type An bigraphs
The main theorem of [1] is a characterization of the Dynkin type An bigraphs in
terms of the construction of such bigraphs. We present a similar characterization with
a constructive proof in terms of its block tree (i.e. its graph decomposition up to
biconnected components) as described by [3, sec. 5.2]: A block tree of any graph
G, denoted here as BT(G), is the bipartite graph with vertices B ∪ S where B and
S are the set of blocks and the set of separating vertices of G respectively, and tree
edges given by {{B,s}|B ∈B,s ∈V (B)}. Thus, if G is a simple connected graph
then the degree of any separation vertex s of G in the block tree equals the number of
connected components obtained after removing s (along with its incident edges).
Let F [X ,Y ] be the bigraph obtained by joining each pair {x,y} of x∈ X and y ∈Y
by a dotted edge, and all other pairs {x,x′} ∈
(X
2
)
and {y,y′} ∈
(Y
2
)
by a solid edge.
Lemma 3.1 Let G = F [X ,Y ]∪F [X ′,Y ′] where X, Y , X ′ and Y ′ are pairwise disjoint
except for X ∩X ′ = {s}, then:
1. Tsr G = F [X ,Y \ {r}]∪F [X ′∪{r} ,Y ′] for any r ∈ Y , and
2. Tsr G = F [X \ {r} ,Y ]∪F [X ′,Y ′∪{r}] for any r ∈ X \ {s}.
Proof Use Lemma 2.2 to compute G′ = Tsr G. First assume r ∈ Y . Notice that for
each i ∈ X \ {s} there is a dotted edge {s, i} that cancels out the solid edge {i,r}
and for each i∈Y there is a solid edge {s, i} that cancels out the dotted edge {i,r},
so that the vertex r is not adjacent in G′ to any other vertex of X nor Y , except for s,
which is connected to r by a dotted edge. Also, since r is not adjacent to any vertex
of X ′ nor Y ′ in G, then for each i ∈ X ′ (resp. i ∈ Y ′) we add a dotted (resp. solid)
edge {i,r}. By definition we get G′ = F [X ,Y \ {r}]∪F [X ′∪{r} ,Y ′]. The case where
r ∈ X \ {s} is analog. ⊓⊔
For simplicity, we say that two bigraphs G and G′ are joined by a vertex s if
V (G)∩V (G′) = {s}. If we write G ∼= Fn to mean that G = F [X ,Y ] for some n =
|X |+ |Y | then the previous lemma can be succinctly rewritten as follows:
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s r
x
y
x′
y′
Ts r7−→ sr
x
y
x′
y′
Fig. 3.1 A minimal nontrivial example of Lemma 3.1, where X = {x,s}, Y = {y,r}, X ′ = {x′,s} and
Y ′ = {y′}.
Corollary 3.2 Let B1 ∼= Fn and B2 ∼= Fm be joined by a vertex s, and let r ∈ V (B1).
Then Tsr (B1∪B2) = B′1 ∪B′2 where B′1 ∼= Fn−1 and B′2 ∼= Fm+1 are joined by s, and
r ∈V (B′2)\V (B′1).
We say that the block tree BT(G) is an A-block tree if each block Bi ∼= Fni for some
ni and each separation vertex s of G has degree 2 in BT(G) (so that s joins exactly
two blocks of G).
Lemma 3.3 If BT(G) is an A-block tree then BT(Tsr G) is an A-block tree.
Proof Let G′ = Tsr G and suppose that BT(G) is an A-block tree. If G does not
contain the edge {s,r} then G′ = G and the lemma is trivially true; otherwise let B be
the block of G containing edge {s,r} and consider the bigraph ¯B induced by s and all
neighbors of s that do not belong to B. We have two cases:
1. either s is not a separation vertex, in which case B ∼= Fm and ¯B ∼= Fm′ for some
m≥ 2 and m′ = 1, or
2. s is a separation vertex, and B ∼= Fm, ¯B∼= Fm′ for some m≥ 2 and m′ > 1.
Since B and ¯B are joined by s, then by Corollary 3.2 we have Tsr (B∪ ¯B) = B′ ∪ ¯B′
where B′ ∼= Fm−1, ¯B′ ∼= Fm′+1, and r ∈V ( ¯B′). Using property 4 of Lemma 2.2 we can
compute BT(G′) from BT (G) as follows:
1. Let T = (V ∪{s, ¯B} ,E ∪{{B,s} ,{s, ¯B}}) where BT (G) = (V ,E ). Note that
degT (s) = 2, and that T = BT(G) if and only if m′ > 1.
2. If m = 2 then B′ is not a block of G′ and s is not a separation vertex of G′. In this
case let T ′ be the result of shrinking B, s and ¯B into a single vertex ¯B′ in T .
3. If m > 2 then both B′ and ¯B′ are blocks of G′ joined by the separation vertex s. In
this case let T ′ be the result of T after removing its edge {r,B}, replacing B and
¯B with B′ and ¯B′ respectively, and then adding the edge {r, ¯B′}. ⊓⊔
Theorem 3.4 Dyn(G) = A|V (G)| if and only if BT (G) is an A-block tree.
Proof ⇒) By induction on k of Lemma 2.1. For the base case (G(0) = An):
An = v1 v2 vn. . .
BT (An) = B1 v2 B2 . . . Bn−2 vn−1 Bn−1
where each block Bi = F [{vi} ,{vi+1}] ∼= F2 for i ∈ {1, . . . ,n− 1}, and each sepa-
ration vertex v2, . . . ,vn−1 clearly has degree 2 in BT(An). Therefore BT(An) is an
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A-block tree. For the induction step, suppose that BT
(
G(k−1)
)
is an A-block tree
and compute G′ = Tsr G(k−1). Then by Lemma 3.3 BT
(
G(k)
)
is also an A-block tree.
⇐) Let T = BT(G) and n = |V (G)|. We show how to transform G into H ∼= Fn,
and then H into An using T transformations only. Suppose G≇ Fn then T contains a
path B1 sB2 where B1 ∼= Fn1 , B2 ∼= Fn2 , and B1 is a leaf block of G (i.e. degT (B1) =
1). For simplicity, let V (B1) = {v1, . . . ,vn1} and B3 = Tsv1 Tsv2 . . . Tsvn (B1∪B2). Us-
ing Corollary 3.2 repeatedly we see that B3 ∼= Fn1+n2 . Thus, if G′ = Tsv1 . . . Tsvn G,
then BT(G′) can be obtained from BT(G) by shrinking B1, s and B2 into a new ver-
tex B3. Repeating this shrinking operation we arrive to a bigraph H ∼= Fn. Finally, let
H = F [{x1, . . . ,xm} ,{y1, . . . ,ym′}] and
H ′ = Txm xm−1 . . . Tx3 x2 Tx2 x1 Ty1 y2 Ty2 y3 . . . Tym′−1 ym′ H
Then H ′ = An with vi = xi for i ∈ {1, . . . ,m} and v j+m = y j for j ∈ {1, . . . ,m′}. ⊓⊔
4 The Dynkin type Dn bigraphs
Next, we give a characterization of the bigraphs of Dynkin typeDn. In [2] two types of
constructions are suggested. We present yet another construction which proof follows
the same pattern as the An case, and then use it to prove another construction that
resembles the one founded in [2]. For our construction we need:
– A cycle bigraph H = ({x1,x2, . . . ,xh} ,{e1,e2, . . . ,eh}) with h ≥ 2, defined by
ψ (ei) = {xi,xi+1} for i ∈ {1, . . . ,h} (xh+1 = x1) and such that H contains an odd
number of dotted edges.
– Bigraphs F1,F2, . . . ,Fh where each Fi = (Vi,Ei) has Dynkin type Ani , contains
the edge ei with the same line style as in H (i.e. λFi (ei) = λH (ei)), and neither
xi nor xi+1 are separation vertices of Fi. We also require that all Fi’s are vertex
pairwise disjoint except for the endpoints of ei; more precisely Vi∩Vi+1 = {xi+1}
for i ∈ {1, . . . ,h− 1}, Vh∩V1 = {x1}, and Vi∩V j = /0 for all other pairs of i, j.
Taking the union of all Fi we get a new bigraph ˆH which by construction contains a
copy of H. Call the simplified version of ˆH (where each pair of parallel edges with
opposite line styles are erased) the D-cycle gluing of H and F1,F2, . . . ,Fh.
Lemma 4.1 If G is a D-cycle gluing, then Tsr G is a D-cycle gluing.
Proof Let G be the D-cycle gluing of H and F1,F2, . . . ,Fh, and let G′ = Tsr G. If
{s,r} /∈E (G) then the lemma is trivially true. Otherwise for i∈ {1, . . . ,h} let Bi ∼=Fmi
be the block of Fi which contains the edge {xi,xi+1}. Since no xi is a separation vertex
of Fi−1 nor Fi, then Fi−1∪Fi has Dynkin type Ani−1+ni . Taking this into account, there
are four possibilities for s and r:
1. Neither s or r are members of V (H). This case does not affect the cycle bigraph
H, since {s,r} ∈ E (Fi)\E (H) for some i, and therefore G′ is the D-cycle gluing
of H and F1, . . . ,Fi−1,Tsr Fi,Fi+1, . . . ,Fh.
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2. Only s is a member of V (H). Assume s = xi. We prove that Tsr moves r from
Fi−1 to Fi or from Fi to Fi−1 without affecting H. Either {s,r} ∈ E (Bi) or {s,r} ∈
E (Bi−1). Without any loss of generality let {s,r} ∈ Bi−1, so that mi−1 ≥ 3. Then
by Corollary 3.2 Tsr (Bi−1∪Bi) has the effect of “moving” the vertex r from
Bi−1 to Bi, yielding the blocks B′i−1 ∼= Fmi−1−1 and B′i ∼= Fmi+1. This effectively
translates to moving r from Fi−1 to Fi yielding some bigraphs F ′i−1 and F ′i . Note
that {xi−1,xi} ∈ E
(
B′i−1
)
and {xi,xi+1} ∈ E
(
B′i−1
)
; thus G′ is the D-cycle gluing
of H and F1, . . . ,Fi−2,F ′i−1,F ′i ,Fi+1, . . . ,Fh.
3. Only r is a member of V (H). We prove that Tsr grows the cycle bigraph by
absorbing s into it. Let r = xi; either {s,r} ∈ Bi or {s,r} ∈ Bi−1. Assume with-
out loss of generality that {s,r} ∈ Bi, so that mi ≥ 3. Let ¯Bi be the subgraph
of Fi induced by s and all neighbors of s not in V (Bi). Then ¯Bi ∼= Fm′i where
m′i ≥ 1 with m′i > 1 if and only if s is a separation vertex of G. By Corollary
3.2 Tsr (Bi∪ ¯Bi) = B′i ∪ ¯B′i where B′i ∼= Fmi−1, ¯B′i ∼= Fm′i+1, r ∈ V (
¯B′i) \V (B′i),
and s joins B′i and ¯B′i. Then s is a separation vertex of Tsr Fi which joins two
sub-bigraphs F ′i (the one containing B′i) and ¯F ′i (the one containing ¯B′i). By prop-
erty 4 of Lemma 2.2 we see that{xi−1,r} ∈ E (G′), so that G′ contains the path
xi−1 r sxi+1 but not the edge {r,xi+1}. Notice that λG ({s,xi+1}) = solid if and
only if λG′ ({r,s}) = λG′ ({s,xi+1}). Therefore, if we define H ′ as the cycle graph
given by the walk x1 x2 . . . xi sxi+1 . . . xh x1 in G′, then H ′ has an odd number of
dotted edges if and only if H does, and so G′ is the D-cycle gluing of H and
F1, . . . ,Fi−1,F ′i , ¯F ′i ,Fi+1, . . . ,Fh.
4. Both s and r are members of V (H). Let r = xi and s = xi+1. This case has the
effect of shrinking H by joining Fi and Fi+1 and removing s from H. To see this,
notice first that if V (H) = {s,r} then by property 1 of Lemma 2.2 Tsr G = G,
therefore we may assume that |V (H)| ≥ 3. Since two consecutive applications
of Tsr annihilate (i.e Tsr Tsr is the identity transformation) and since G′ of the
previous case contains {s,r} ∈V (H ′) we infer that Tsr has the opposite effect as
previously stated. ⊓⊔
Theorem 4.2 Let G be any bigraph with n≥ 4 vertices. Then G has Dynkin type Dn
if and only if it is a D-cycle gluing.
Proof ⇒) We prove this implication by induction on k of Lemma 2.1. For the base
case, the D-cycle gluing of G(0) = Dn is given by:
F1 =
v2
v1
H =
v2
v1
F2 =
v2
v3 v4 vn
v1
. . .
For the induction step, let G(k) = Tsr G(k−1) where G(k−1) is a D-cycle gluing.
Then by Lemma 4.1 G(k) is also a D-cycle gluing.
⇐) Let G be any D-cycle gluing of H and F1,F2, . . . ,Fh and n = |V (G)| ≥ 4. If⋃
{F1, . . . ,Fh} 6= H then there exists a vertex s joined to some xi by an edge {s,xi} ∈
E (Fi) for some i. Since xi is not a separation vertex of Fi, then {s,xi+1} ∈ E (Fi).
Using case 3 of the proof of Lemma 4.1 repeatedly we grow the cycle until we get
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to a bigraph H ′ which is a D-cycle gluing of H ′ itself and F1,F2, . . . ,Fn, where each
Fi = F [{xi} ,{xi+1}] if {xi,xi+1} is solid in H ′, and Fi = F [{xi,xi+1} , /0] otherwise.
Notice that the transformation Ixi = Txi xi+1Txi xi−1 has the effect of changing {xi−1,xi}
and {xi,xi+1} to their opposite solid/dotted line style. Since H ′ has an odd number
of dotted edges, then applying Ixi whenever {xi−1,xi} is dotted for i = 2,3, . . . ,n
yields a cycle bigraph H ′′ where {xn,x1} is the only dotted edge. Finally, let
H ′′′ = Tx3 x1 Tx4 x1 . . . Txn x1 H
′′
Then H ′′′ = Dn with xi = vi. ⊓⊔
We can easily prove a construction that resembles very much that of [2]. We start
with the following lemma:
Lemma 4.3 Let G be a bigraph of Dynkin type An, then the shortest path between
any pair of vertices x and y is unique. Moreover, it is xs1 s2 . . . sk y where each si is a
separation vertex of G in any simple path x y.
Proof Let V and B be the vertex set and block set of G respectively and define
the bipartite graph T [V,B] where each vertex u ∈ V is joined to B ∈ B whenever
u∈V (B). Clearly T is a tree and contains BT(G). Therefore the path x y is unique
in T and has the form xB0 s1 B1 s2 · · · sk Bk y where each si is a separation vertex of G.
Thus, any simple x y path must contain vertices {x,s1, . . . ,sk,y}. Also, by Theorem
3.4, each Bi contains edges {si−1,si} where s0 = x and sk = y. Therefore xs1 · · · sk−1 y
is actually a simple path of G which vertices are contained in {x,s1, . . . ,sk−1,y}. ⊓⊔
For any bigraph G, let dG (u,v) denote the distance of u and v, given by the number of
edges of the shortest path u v in G. The identification of two nonadjacent vertices
x and y of a bigraph G is the operation of replacing these vertices by a single vertex
incident to all the edges which are incident to either x or y. Denote the result of
identifying x and y in G as G/{x,y}.
Theorem 4.4 A bigraph G with n≥ 4 vertices has Dynkin typeDn if and only if there
exists a bigraph J of Dynkin type An+1 with two non-separating vertices u and v such
that dJ (u,v)≥ 2, the shortest path u v has an odd number of dotted edges, and
G = J/{u,v}.
Proof ⇒) By Theorem 4.2 say that G is a D-cycle-gluing of H and F1, . . . ,Fh. Taking
the union of F1,F2, . . . ,Fh−1,F ′h where F ′h is the result of replacing x1 by a new vertex
xh+1 in Fh yields a bigraph J with n+ 1 vertices. From the definition of a D-cycle
gluing follows that each xi is a separation vertex of J for i∈ {2, . . . ,h} and that u = x1
and v = xh+1 are non-separating vertices of J. By Theorem 3.4 we infer that J has
Dynkin type An+1. By Lemma 4.3, the shortest path x1  xh+1 in J is precisely
x1 x2 . . . xh xh+1, which by definition of H has length dJ (x1,xh+1) ≥ 2 and an odd
number of dotted edges. Finally by the very definition of xh+1, identifying x1 = xh+1
yields G.
⇐) Say that the shortest path P from u to v is u= x1 x2 . . . xh xh+1 = v. By Lemma
4.3 we see that xi is a separation vertex for i∈ {2, . . . ,h}. Let J1 = J. By Theorem 3.4
xi+1 separates Ji into two subgraphs Fi and Ji+1 where {xi,xi+1} ∈ E (Fi) \E (Ji+1)
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for i= 1,2, . . . ,h−1. Let Fh = Jh, xh+1 = x1 and H = P/{xi+1,x1}. Then by construction
G = J/{u,v} is a D-cycle gluing of H and F1,F2, . . . ,Fh. Therefore by Theorem 4.2, G
has Dynkin type Dn. ⊓⊔
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